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My favourite theorems

Escaping a maze

Joey's problem
Alittle bit ofmath mod 2 degreetheory

A solution to Joey's problem
Equivariant mathematics

Degree theory for orbifold



My favourite theorem

The Let M be a connected conpadua.tl
of dimension one Then Ms diffeomorphicto

o B or S

n 0

Corollary The number of boundary components

of a one dins compact mfd is even

Co pack

Corollary Aconpad zero dimensional fold is

the boundary of a compact one dimensional

manifold iff it has an even number of points
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Solutions
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A simplermaze



Enou ghwiththe thining
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Towards a solution to Joey's problem
Amathy application of ropes havingan evenun In ofends

f IR IR
how many solutions does

fc.ci c

µ

have

Observation I 5 3 mod 2

Ihyisthistrue
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ITWhatcangowroing

Works only for

rage
Nff

Sard's theorem

need growthbehavior

at
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Under these conditions the count node

is well defined



This count is stable under perturbations
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The mod 2 degree
g
connected

Def
Lef f M N smooth map

proper if M N non compact

The mod 2 degree is

deg Cf f y mod 2

Observations
to so y regular

1 Independent of regular value y

2 Independentof homotopy i e

H i fo Dx M N

Then deg 1 degzg where f x Hope

g x HCl x

3 If deg f 1 then f is surjective

food c has a solution for all a N
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Extensions of mappings and the degree
M F N

41 O
w 0

Suppose M OW and f extends
over W F W N

Flow f M N

Then deg f oµh
compact

5 For any manifold W with boundary dW

There is no map

r W ow
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idowj



Athene Joey free friends
Tha Brouwer Every map f D D2 has a

fixed point i.e 3seed st fix x

Joey can always stand on thenap

Ifi suppose x fog t x Joey can't stand on hemp

a Construct a map g D S

c S gens x glop
tidy

Meany hey equine Topology ofcourse Dyna ied systems

Poincare Bendacion I gave theoy Nashequilibria



A preof otthefudame.tw edIagebra
odd degree
h

1h2 A non constant polynomial
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Theineg degree
suppose f maps between oriented manifold

Then f y carries orientation

deg f sign dfa
e fCy

deg f mod 2 I dega f

This gadget can be used to

prove the full FTA



Enough winking

Let's have anotherbreak



Equivariant topology

common theme in mathematics

M para etsire objects one is interestedin

Moduli
spine of complexstructures ellipticcurves

metrics with curvature conditions
02kt in dyn system

Objects posses symmetry

Eg by reparametrication

group G acting on M

True interestis in Mff

Want to do calculus geometry on

When is this possible



EI hehklop.fr fibration

z e S E Q acts on S EEZ

via Z V W 2 V Z W

QP 84g parametrices complex lines in

h S S c Dx IR

h V W 2 VT M2 Iwf

Identifies 5 with the inanifold 5

When is M
G

a manifold



When is Mfg a manifold

M G compact and Gauls freely

g.sc xV xc MMgeG

idea
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2 gives a chart

for Mo
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Tf Ex ge G Lgx x is trivial

every orbit close to the orbit through x

intersects the orbit uniquely

But there are situations where G x to

Gx 212

Nm

pfg.am
hcanirkisedtt6sl

Ga acts on the slice



Orbifolds a

charts for orbit space should be R

d dim slice depends on din Ge

ISimplifying assumption Goc is finite
t_

Def An d din orbifold is a space
d

locally modelled on RYE iced

finite

technical conditions
finite stabilizers

Thy Any semi freetaction of G on M

defies orbifold structure on Mff



Ey Weighted Hopfaction

let peg coprime e.g 283

Then s ads on S via

2 v w zPv 29 w

This action is semi free
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Underlying space is homeomorphic to
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Orbiropes

IGoalidegreetheoyforab.to f
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In Classification oftonedimbifolds with bdy

TilOrbiropes can have an odd number

ofeu



Movie time

Gp 13,1

Boo 2 ERI 2

Every point on r.h.s.is regular value

but preimage of curve is not an orbifold

f
not an orbifold



Ordifold degatheocy

Ref KPasquotto R let f P 0

be smooth map of a bifolds Define forregular y

degalf y E.f.gg 4f mod 2

deg H y Egg signldt.cl
tIIGxl

under orientation

assumptions

These are not rational numbers

Singular points of the orbifold can be

regular values

Without further assumptions degree does depend

on y and is not a homotopy invariant



Thy suppose f 8 P P connected
proper

and 8 does not have codin 1 singuluities

Then deg Cf g does notdepend on y

Nor on homotopy class of f
degalf I f is surjective

similar statement for integer degree

7
First point is remarkable
lorbifdddiffeogsoupisnottras.tn
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pairwise coprime EPI91 5 t e ditsy
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Some open problems

1 Tn manifold case degree classifies
degf

Mis Z M oriented

Mm s 5 2K M is not.aiaka

How does this work in orbifold setting

2 If m n the is a map

mm Nn Nm a 1M
of regularvalue T

cobordism ring

How does this wok in orbifold world

3 The orbifold cobordism ring D
trivial But not with assumptions

on singularities


