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Lie stability

Contents
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Lie stability

Hamiltonian system

A Hamiltonian system is a system of 2n ordinary differential equations of the

form
) OH . OH
X —

_aiy) y__&v

where (X,y) = (x1,...,%s,Y1,--.,¥s) and H(X,y) is the Hamiltonian
function.

We consider H(—, X, y) to be an autonomous system.
An equilibrium of the Hamiltonian system satisfies the equations
OH OH
x=—=20, y=——=0.
dy Y= "o
The Hamiltonian H can be expanded around the equilibrium as a Taylor series

in the form upna
H=H, + H3 +Hy+ . ... S
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Lie stability

Configuration: Relative equilibrium

We consider the linearisation of H around the equilibrium to be in the form:
w1 w
H, = ?(x%—l—y%)—i—...—i—?n(xﬁ—i—y,%) =wili + ... +wuly,

where w; € R\ {0} and (I, ¢) are the classical action-angle variables:

Xi

Ii= (G +3}), & =arctn <y> T

The expression in matrix form is: H, = 1x"Ax.
The equilibrium is elliptic when:

o all eigenvalues of A are pure imaginary: +w;.

o the linearisation matrix A is diagonalisable.

upna
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Equilibrium’s stability

@ An equilibrium is spectrally stable if all eigenvalues of A are pure
imaginary.

upna
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Equilibrium’s stability

@ An equilibrium is spectrally stable if all eigenvalues of A are pure
imaginary.

@ An equilibrium is linearly stable when all eigenvalues are pure imaginary
and A is diagonalisable.

All orbits of the tangent flow are bounded for all forward time.

In particular, an elliptic point is always linearly stable.
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Equilibrium’s stability

@ An equilibrium is spectrally stable if all eigenvalues of A are pure
imaginary.

@ An equilibrium is linearly stable when all eigenvalues are pure imaginary
and A is diagonalisable.

All orbits of the tangent flow are bounded for all forward time.

In particular, an elliptic point is always linearly stable.

@ An equilibrium z is Liapunov stable if for every neighbourhood V of z,,
there exists a neighbourhood U C V such that z(0) € U = z(r) € V for
all forward time.
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Lie stability

Formal integrals and normal forms

A function F is a formal first integral of Hamiltonian H when

OF OH OF OH
=3 (G~ ) =

upna
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Goal

Establish a criterion to obtain formal stability for elliptic equilibria in
autonomous Hamiltonian systems with n DOF. J

Find positive definite formal integrals of the Hamiltonian. ]

In case of formal stability, prove that the solutions are bounded near the
equilibrium over exponentially long times. J

upna
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Lie stability

Formal stability versus Lie stability

Definition

We say that the origin of R?" is formally stable if there exists a formal series
which is positive definite near the origin and a formal integral for the full
Hamiltonian.

Definition
We say that the origin of R?" is Lie stable if there exists p > 2 such that the

truncated Hamiltonian function in normal form associated to H™ is stable (in
the sense of Liapunov) for any (arbitrary) m > p.

upna
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Lie stability

Lie stability features

o Lie stability for elliptic equilibria = formal stability.

upna
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Lie stability

Lie stability features

o Lie stability for elliptic equilibria = formal stability.

o Formal stability theory was initiated by Siegel (1954), Moser (1955),
Glimm (1964), Bryuno (1967), etc.
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Lie stability

Lie stability features

o Lie stability for elliptic equilibria = formal stability.

o Formal stability theory was initiated by Siegel (1954), Moser (1955),
Glimm (1964), Bryuno (1967), etc.

e Khazin (1971) introduced the concept of Lie stability, although he
named it as “Birkhoff stability” in the case of elliptic equilibria.
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Lie stability

Lie stability features

o Lie stability for elliptic equilibria = formal stability.

o Formal stability theory was initiated by Siegel (1954), Moser (1955),
Glimm (1964), Bryuno (1967), etc.

e Khazin (1971) introduced the concept of Lie stability, although he
named it as “Birkhoff stability” in the case of elliptic equilibria.

@ dos Santos and Vidal developed the concept of Lie stability for
resonant systems.

upna
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Key elements for Lie stability

Exploit the algebraic structure of the linear part
of the equation as much as we can.

d
Hy(I) = Z oxFi(I), where the oy # 0 are linear combinations of the wj,
k=1

I=(L,...,1I,) and F; are first integrals of H,.

S={1|1; >0, Fi(I) =... = F,(I) = 0}

@ 1 is the number of DOF of the system.

@ d is the number of independent first integrals of H5.

e s=n—d.

0 0<dimS<s. upna
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Lie stability Theorem

Theorem
D. Cdrcamo-Diaz, J.F. Palacidn, C. Vidal, PY.

ConsiderI € S:

(A) Suppose there is an even integer j (with 4 < j < p) such that H/ (1, $) # 0
for |1| small enough and all ¢. Then the origin of R*" is Lie stable for the
Hamiltonian function H.

(B) Suppose there is an integer i > 3 such that H' (1, ¢) changes sign for some
1 and ¢. Then there is no index j (with i < j < p) such that H/(1, ¢) # 0 for |1
sufficiently small.

upna
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Lie stability Theorem

Theorem
D. Cdrcamo-Diaz, J.F. Palacidn, C. Vidal, PY.

ConsiderI € S:

(A) Suppose there is an even integer j (with 4 < j < p) such that H/ (1, $) # 0
for |1| small enough and all ¢. Then the origin of R*" is Lie stable for the
Hamiltonian function H.

(B) Suppose there is an integer i > 3 such that H' (1, ¢) changes sign for some
1 and ¢. Then there is no index j (with i < j < p) such that H/(1, ¢) # 0 for |1
sufficiently small.

@ The case n = 2 corresponds to Cabral & Meyer stability result.
upna
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Lie stability Theorem

Theorem
D. Cdrcamo-Diaz, J.F. Palacidn, C. Vidal, PY.

ConsiderI € S:

(A) Suppose there is an even integer j (with 4 < j < p) such that H/ (1, $) # 0
for |1| small enough and all ¢. Then the origin of R*" is Lie stable for the
Hamiltonian function H.

(B) Suppose there is an integer i > 3 such that H' (1, ¢) changes sign for some
1 and ¢. Then there is no index j (with i < j < p) such that H/(1, ¢) # 0 for |1
sufficiently small.

@ The case n = 2 corresponds to Cabral & Meyer stability result.
@ The lower dim S is, the more cases of Lie stable systems we get. upna
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Lie stability Theorem

Theorem
D. Cdrcamo-Diaz, J.F. Palacidn, C. Vidal, PY.

ConsiderI € S:

(A) Suppose there is an even integer j (with 4 < j < p) such that H/ (1, $) # 0
for |1| small enough and all ¢. Then the origin of R*" is Lie stable for the
Hamiltonian function H.

(B) Suppose there is an integer i > 3 such that H' (1, ¢) changes sign for some
1 and ¢. Then there is no index j (with i < j < p) such that H/(1, ¢) # 0 for |1
sufficiently small.

@ The case n = 2 corresponds to Cabral & Meyer stability result.
@ The lower dim S is, the more cases of Lie stable systems we get. upna
@ When S = {0} there is always Lie stability. psern
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Estimates

o Itis said that vector o = (074, ..., 0y) satisfies a Diophantine condition
when there are fixed constants ¢ > 0 and v > d — 1 such that

Vk e Z9\ {0}, |k-o|>clk|™”. (1)

Theorem
D.Cdrcamo-Diaz, J.F. Palacidn, C. Vidal, PY.

If the real analytic Hamiltonian H has the origin of R*" as a formally stable
equilibrium according to hypotheses (A) of the previous theorem, while the
frequency vector o satisfies the Diophantine condition (1), then there exist

C>0,K>0,a>1andey > 0such that for all € € (0, ), and for all Xy
with |Xo| < € we have

| , K
x(1,%0)| < ae®’  forall t with 0<t<T=Cexp (51/("+l)> .

Formal Stability of Elliptic Equilibria Wednesday, May 11th 2022 14/49




Lie stability

Estimates behaviour

o The fewer terms are needed to conclude Lie stability (j), the better the
bounds on the solutions are.

upna
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Lie stability

Estimates behaviour

o The fewer terms are needed to conclude Lie stability (j), the better the
bounds on the solutions are.

o The fewer independent formal integrals (d) there are, the larger time T’
can be.

upna
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Lie stability

Estimates behaviour

o The fewer terms are needed to conclude Lie stability (j), the better the
bounds on the solutions are.

o The fewer independent formal integrals (d) there are, the larger time T’
can be.

@ When d = 1 the Diophantine condition is not required.
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Lie stability

Formal stability versus Nekhoroshev estimates

Niederman, Bennetin, Fasso, Guzzo, PGschel,. .. (~ 1998).

H/(I) is convex at I = 0 if the quadratic form H4(I) is definite.

It is quasi-convex at I = 0 if H,(I) = Ha(I) =0=1=0;
It corresponds to Glimm’s criterion on formal stability.

It is directionally quasi-convex at I = 0 if H, and 4 vanish
simultaneously for /; > 0 only at I = 0;

It is equivalent to Bryuno’s hypotheses for formal stability (1967);
It is a particular case of Lie stability.

Glimm’s ideas inspired Nekhoroshev to establish the concept of
steepness of a function.

upna

Convexity on S.
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Lie stability

Pros and cons

We can get Lie stability for Hamiltonians that do not satisfy the conditions
needed in Nekhoroshev theory:

@ When the formal stability is deduced from Hamiltonians depending on
resonant angles.

upna
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Lie stability

Pros and cons

We can get Lie stability for Hamiltonians that do not satisfy the conditions
needed in Nekhoroshev theory:

@ When the formal stability is deduced from Hamiltonians depending on
resonant angles.

@ When the normal form is too degenerate to establish a certain convexity
condition.
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Lie stability

Pros and cons

We can get Lie stability for Hamiltonians that do not satisfy the conditions
needed in Nekhoroshev theory:

@ When the formal stability is deduced from Hamiltonians depending on
resonant angles.

@ When the normal form is too degenerate to establish a certain convexity
condition.

There are steep systems for which we cannot conclude Lie stability.
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Applications

Contents

© Applications
@ Nonlinear stability of the triangular points in the spatial restricted
circular three-body problem
@ Nonlinear stability of the attitude of a satellite describing a circular orbit
in space
@ Nonlinear stability of the Levitron
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The system

Motion in the 3D space of an infinitesimal particle under the gravitational
attraction of m; and m, that describe circular orbits around their common
centre of mass.

95
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The Hamiltonian

e Hamiltonian in rectangular coordinates (x,y, z, X, Y, Z) in a rotating
reference frame:

1 W 1—p

H = (X*+Y>+27°)+Xy—x¥Y— — )
2( ) Va+p—12+y+22 (p+x)?+y+2
_ m

°opn= ml-&-zmz'

@ Assuming m; > my, then p € (0,1/2].

e m; is located at (—u,0,0) and m; is at (1 — 1, 0,0).

upna
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The Lagrange equilibria

@ The stability of Ls and Ls depends on p.

@ Coordinates of L4 and Ls: (% — I, :l:%, 0, :F§, % — I, O) , where
the upper sign applies for L4 and the lower sign does for Ls.

@ The stability of both equilibria is the same, so from now on we only refer
to the point L4, although the same conclusions are valid for Ls.

2

upna
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Taylor expansion

We translate the equilibrium solution L4 to the origin by means of:

x=xi4h—p y=n+ %, =1,

X=X -, Y=Y+1l-pu z=2.

Then, the Hamiltonian function is expanded in Taylor series around the
origin, constant terms are eliminated and we get a Hamiltonian of the form

H=Hy+Hy+ - +H+-

upna
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The Routh critical value

Eigenvalues of the linearization:
A1, £, Es.

Al =W, Ay =lwy, A3 =iwy & 0<,U,<,U,R=%<1—@>

\/1+\/1f2m+27u2 \/1f\/1f27u+27u2

w1 \ﬁ , W2 \5 , w3 = 1.
2
0<w2<\2[<w1 <1 and w?+4ws=1.
V2
w€ (0, ur) & wi € (271 upna
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The normal form in action-angle variables

H=H+Hs+
where
Hy = wil} — wal + wals,
2 2 2
Ha = c200li + criolil2 + cro11113 + cozol; + cor1lalz + cooals
c _ w3(124w} —696w?+81) c B wiwy (64w?wl+43)
200 144(1—202)2(1—507) > 110 6(1—502) (1—207) (1—502) (1—2w2) *
_ —8ww3 _ w(124w! +448w2 —491)
il = 3052 @E—wl) €020 = aa(—2w?)2(1—5a2)
Swa% c —wfw%
con 3(1—2w7)(4—wl)’ 002 3@E—w?)(d—w?)”
upna
25/49
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Resonances

o The system presents a resonance relation if there exists an integer vector
k = (ki,ka, k3) # 0 such that

kiwy — kowy + kzws = 0.

Vector k is known as the resonance vector and vector w = (wy,wsz,w3) is
the frequency vector.

e Consider the frequency vector w = (m/n, vVn* — m?/n, 1), with
m,n € Z* and 0 < m < n. Vector (m, vn* — m2,n) is a Pythagorean
triple if and only if n> — m? is a perfect square or, equivalently, w, € Q.

In this case, we will say that vector w is associated with a Pythagorean
triple.

upna
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Applications Ly in the SRCTBP

General case

wili —wilh + I3 = 0; kjw; —kows + k3 = 0; ki, ka ks € Z; 11,1, 13 > 0.

[Case[w1[w2[ F; [d[s[ S [dimSl
@ | @ | @ [F=wh-wh+n |12 {(n2205) 15204 | 2
Fi = wil, + I
(@) | Q@ |R\Q Pt 2 |1 {0} 0
Fi=1
(b1) | R\Q | R\Q Fr=5h 310 {0} 0
F3=13
k
Fy= 21 — I ky g ks
o | =y (e | TRNTE | {(ERRR) Inzop
Fr=—-2h+1h {0} 0
ky
Fi =1
(b:) | RAQ | Q Fye tnan |21 {(0,13/ws, 13) | I > 0} 1
upna
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Lin the SRCTRP
Case (a;)

[w [ ws | F; [d]s ] S [ dimS |
’ Q ‘ Q ‘F:wll|7wzlz+l3 ‘ 1 ‘ 2 ‘ {(11,%,13) \1],1320} ‘ 2 ‘

HYX) = Bil; + Bl + G313
with

3 6448 —1288w0+ 1185w} —541w?+36
1 16(1—w?) (1-202)2 (1—5w?) (4—502)

w; (18580w/% 6792801 +7082705 +30890wd —62113w;+22128w7 —8496)
72(1-w}) (1-2w? )2 (1-5w?) (3+w?) (4—w?) (4—5w?) ’

B =

w? (960w!0 7364w} +29940w) —48219w} +24155wF —444)
144(1-w}) (1-2w?)2 (3+w}) (4—w?) (4—5w?)

upna
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Summary

Theorem

For O < p < ug the equilibrium point Ly is Lie stable, excepting the unstable
cases f1(1,2,0), 1(1,3,0) and the values y € (1, 12) leading to a Pythagorean

triple.

Directionally

quasi-convex

3-jet Directionally

non degenerate  quasi-convex
A

A

Directionally

quasi-convex

\.

Formally Formally Formally
stable stable stable
P N
[1 i 1 >
H v T >
0 H(1,2,0) MR

PR T | 1
1 T
M1 H2
unstable

H(3,3,~2) H(0,3,1)

H(1,3,0)

unstable

43

L

steep

Formal Stability of Elliptic Equilibria

Formally

stable
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Estimates

2/j 1 <t < —
|I(l‘)| < e forall ¢+ with O t T Cexp <€1/(2(V l)))

Q 5={0}=,=2,d=2ord=3=v>1lorv>2.
Q@ S#{0}=j=4d=2o0ord=1=v>1lorv>0.

Bounds are sharper when Lie stability is obtained through a low-order normal
form and low number of integrals.

upna
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Applications The satellite

Contents

© Applications
@ Nonlinear stability of the triangular points in the spatial restricted
circular three-body problem
@ Nonlinear stability of the attitude of a satellite describing a circular orbit
in space
@ Nonlinear stability of the Levitron

upna
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NONLINEAR STABILITY OF THE ATTITUDE OF A SATELLITE
DESCRIBING A CIRCULAR ORBIT IN SPACE

Z,

Taken from: Stability, Pointing, and Orientation, Willem Herman Steyn, in J. N. Pelton (ed.), Handbook of Small Satellites, Springer Nature
Switzerland AG 2020.

A.P. Markeev, A.G. Sokol’skii, On the stability of relative equilibrium of a satellite in a circular orbit, U p na
Kosmicheskie Issledovaniya, 13(2), 139-146 (1975); Cosm. Res., 13(2), 119-125 (1975). o

‘angu Formal Stability of Elliptic Equilibria Wednesday, May 11th 2022 32/49



The system

H(x,y,z,X,Y,Z;A,C) withA = ¢, C = { and a, b, ¢ being the principal
central moments of inertia.

=
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The equilibria

@ There are 24 equilibria: Py, ..

@ The system enjoys 4 independent discrete symmetries: S1, . ..

NS

., Poy.

The satellite

A P
5 S P 51 P S, P
. L
: E— Py E— Ps —

Pry Pro
12 Sy Py3 S1 P> S3 P.
. p)

— Pis —_— P13 E—

Pis P

P3

Prg Sy Ps Sh Py

Py —_— Pso —_—

Pay

Py

Pay Sy Py S1 P

Pag e Pa3 E— *

Pay

Formal Stability of Elliptic Equilibria
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Applications The satellite

Necessary conditions for linear stability of the equilibria

I: Lagrange region: 12F

Liapunov stability

II: Beletskii-DeBra-Delp region

(Beletskii, 1960, 1966)

(Delp, 1958) and (DeBra, Delp, 1961).

Formal Stability of Elliptic Equilibria

Patricia Yanguas

upna
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Applications The satellite

The normal form in action-angle variables

H(L0) = Hy(1) + Ha(D) + -+ .

where
Hz(I) = wili+ waly + wsls,

in region I,
Hy = wili—waly + wsls,

in region II and

Ha(1) = ca00li + conols + cooal3 + criolily + corilals + cro1h Is.

upna
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Applications The satellite

Formal integrals and set S

e Hy = wil| —wylp +ws3l;

@ The number of linearly independent integrals is 1 < d(=3 —s) < 3.

When I € S then H,(I) = 0 and

1
L=—(wh+15h),
(9%)

with Iy, I > 0.

k1w — kowa + k3 = 0, with k = (ky, ky, k3) € Z>.

S ={0} = Lie stability holds from H>. upna
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Cases

(a1) w1,w2 € Q.

(ay) w1 € Qandw, € R\ Q.

(b1) wi,ws € R\ Q and there are no resonances among the /;.

(by) wi,ws € R\ Q and there is an integer vector k # 0 such that
ky_ ks

IZEWZ—E~

€l

(b3) w] € R\Q and W, € Q.
upna
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Applications The satellite

Lie stability regions

1.10

1.05

1.00

C‘ 4 A uona
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App ons The satellite

Lie versus Nekhoroshev

Q@ The union of the regions of quasi-convexity and directional
quasi-convexity corresponds to the region where there is Lie stability for
any value of the frequencies (excluding the resonance lines).
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Applications The Levitron

Contents

© Applications
@ Nonlinear stability of the triangular points in the spatial restricted
circular three-body problem
@ Nonlinear stability of the attitude of a satellite describing a circular orbit
in space
@ Nonlinear stability of the Levitron
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Applications The Levitron

What is a Levitron?

The Levitron top is a device commercialised as a toy that displays the
phenomenon known as “spin-stabilized magnetic levitation”.

upna
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https://www.youtube.com/watch?v=316nJTkhBPs

The model

Two reference frames:
(1) An inertial frame attached to the base, centered at its centre: coordinates
of the c.m. of the top w.r.t. this frame are (x, y, z).

(i1) A non-inertial frame attached to the spinning top: Euler’s angles ¥, ¢, ¥
give the top’s orientation w.r.t. the inertial frame.

@ Two forces: magnetic field created by the magnetic spinning top and the
repelling base magnet and gravity of the top.

@ The top is axi-symmetric and has inertia tensor diag{©, 0, ©3}.

upna
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Applications The Levitron

Equations of motion

The total energy is conserved:

o . 192 2
2 (Pso Py SIN )>+ Py +U(F,19,g0)

I AT S 1
H_Zm(pX+py+pZ)+2®1 Pyt cos2 ¥ 203

with potential
U(r,9,¢) = mgz— pu(5®2(z)(xRi3 + yRo3)
+(=Pi(2) + 3 (2 +y*)P3(2))Rxs +..)

where R = (Rj;) is an orthogonal 3 x 3-matrix and

0 = g =2 ()
Py 1s an integral of the Hamiltonian system related to H. upna
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Equilibrium
We require that the gravity and the magnetic forces compensate each other,

preventing the device to be pushed downwards (gravity dominates) or
upwards (magnetic force dominates).

In 6 DOF we get a periodic solution with coordinates
(0,0,2,01,0,0,0,0,0,003,0,0) with o = (ud3(z,)/m)"/?,
and z; is the real solution of

6mCL W2z

SO =

with

Ci=afy, C==, a=m>, B=mu, ~v=14/—.
1=afy, C=C " / m UPNE
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Applications The Levitron

Non-linear stability

Dullin and Fasso apply Nekhoroshev theory:

o o
2150 -2125 -2100 ~2075 2050 ~2025 2000 “2f58 -2156 2154 2152 -2150 -214¢
-10
-49
-20
30 -50
-40 .
-50
52
-60
-70t B -s3t 3

The region of non-linear stability (dark grey) is very small compared to the
region of linear stability.

Experiments show stability in a much wider region. upna
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Applications The Levitron

The normal form in action-angle variables #1

Define I; = (x? +y?)/2, ¢; = arctan(y;/x;).

H(I,¢) = Hy(I) + Ha(D) + - -,

where
Hy = —wil] +walh + wilz + wyqly 4 wsls,
or
Hy = —wil +w3lz + waly + wsls,
or
Hy = —wili —waly 4 wilz + waly + wsls.
W1, W2, W3, w4, Ws >0 UDna
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Applications The Levitron

General case

@ We have obtained all possibilities for S between {0} and dim S = 4.
@ There can be resonant cases with dim S = 0.

@ The most generic situation is S = {0}. Thus, Lie stability extends with
positive measure to the whole region of linear stability.

upna
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Final

THANK YOU FOR YOUR ATTENTION!

upna
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