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The Why of p adic integration

1 Skolem Mahler Lech
Consider linear recurrences with
integer coefficients

an an l constant
an an i 1 linear
an an tan 2 Fibonacci

an an y periodic
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such sequences
Fundamental problem Given a recurrence

describe the asymptotic nature of the zero set
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f Binet'sF high formula

Obvious that Fn 0 no

One reason 141 I 11.1 1
so eventually Fn 70 by
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2 Let Ba Fn Bane to

0,0 1,0 1,0 2.0
now hi are the Mi for Fn

No clear
way to

conclude in general

Are there any other absolute value functions I l
we can control the vanishing of such a

sequence
with

2 Theorem Ostrowski The only absolute value

functions on A are
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For each prime p we can topologically
complete A to get a field Chp

analogous to R

Many familiar notions from IR and a transfer to
Chp but often with strange differences

It 10 8 1023 co 3.3

3 116 193 132 72097 50952
In R 3.0 1.85 1.462T 1.4149984

In Cly 3.0 3 T 3 1260332 3.126121235

3 3 76 776 706
522 A3 The p adic topology j

Ultrametric

Ixtyle martlet 1813 E Heigl

Every point in a ball is the
center

Every triangle is isosceles
of
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p adic topology is totallydisconnected
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4 Back to Recurrences

Ai SE Anti

is almost a p adic analytic function of
i for any p such that ftp.t
for all K

Problems p adic exponential has finite
radius of convergence

Instead
Locally analytic so that on each set

Igt p 1 itfi.tt tsmeforafYp.ff has

Artiapfilatitely cimanga tp adf.ca analytic function



Infinitely
map

II for what f

Concattep ft O then this function

is identically zero

The integers are bounded p adically

Im A linear recurrence ai

has zero set a union of
arithmetic progressions asymptotically

what just happened

Took a discrete object and p adically
continued the time step

Then in small enough segments of
time p adic analyticity
either 0 or finitely many zeroes

In an 0 El te Chp at
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5 Rational points

GeneralDiophantineeguationundecidable IN

Q But what about simpler classes in patio

Let C be an algebraic carve a
I dimensional defined by equations

At yl I 92 Act i x 2 y
2 15 3 7

Then for complicated enough curves C we

have only finitely many national
solutions a Faltings

It is a fundamental open problem to
give better control over this finite set
bound the number of solutions
bound the size of each solution



f
provably find the set of solutions

Can we use the ideas of Stolen Mahler Lech
for this problem too

INeedasourceofpaanalytifinf

L Embedding curves into groups

Let c be a carrerathat over e is
topologically a g

handled surface
genus g
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Can't add points on C but we

can add pairs of points

By fixing a base point P we embed
our algebraic carve into an

algebraic group
its Jacobian JCC

5 p adic integration

y X ICan define

dg E
J w e Chp

y

for co effect a translation invariant
differential

defined by integrating locally using power
series

to analytically continue use group
structure or the p adic phenomenon
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of Frobenius

A lot of my work is about
effectively computing these integrals in

different contexts Why

f Chabaity's Method

In order to find CA
for a genus 922 curve

we use

Ca Cat
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Bounds and algorithms

This method gives both bounds and

algorithms by for p 2nd rag
good reduction

ACCA I Cap Iv Stoll

If we can explicitly calculate
these integrals we can find the
finite set of national solutions

Applicationtodynamics Stoll

Do there exist rational numbers d c

such that
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to Ftc has period exactly
n

This problem defines a curve of solutions

finitely many for each n Caso
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Chabot no solutions



View Fn as a p adic analytic function of
n
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