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Equiangular lines

Nld Max linesinRdpairwise same angle

e.g N 2 3
V13 6

someconstantc o

decagted e Nld df Gereon't

T
in all constructions pairwise angles 790 as der














































































































Equiangular lines with a fixed angle

Nald max equiangular lines inRd
costly 9

with angle cos'd

Lemmens Seidel Ny d 2 d 1 td715
73

Neumann 73 Nald E2d unless Noddinteger

Neumaier 89 Nysld Eld D Hd do

I Next interesting case 2 1 7

Somedecades later

Bukh'll Nald scad
BallaDrexler
Keerash Sadakor's

Nald 51.931 tdxd.la
if 43














































































































Problem determine fgm Madd
Naca max equiangular lines

withanglecos'd

costly9

Ourwork completely solves this problem
LemmensSeidel Ny d 2 d 1 Hdsuff large
Neumain 89 Nys d d if tdsuff large

Ourresults Nyz d di Adsuff large

Nya d Eld D Hd suff large
n

Thm JTYZZ V integerKaz

Nield Lil d D tdxd.lk

And for other angles affixed decal
set ALL KKK

reparameterization spectralradius order

Then

Nald ft't
d I tdxd.la
ifkswdtoldif Ken














































































































Kla spectralradiusorder
mink at Ik vertex graphG with A G X

p
set Kla n if such G spectralradius ofG

topeigenvalue
of adjacencymatofG

Examples X K G
1 3 1 2
115 2 3
117 3 4
1 1 252 T2 3

laitNY HI was conjectured by Jiang Polyanskii
who proved it for X 2 55 22.058

7 G GyCA o o o o o o immune
adjmat Hoffman72 Shearer89

New result on eigenvalue multiplicity

Thmetyzz Fix A A connected n vertex graph
with maxdey EA has second largest eigenvalue
with multiplicity Ofggn sublinear in adjmat














































































































Equiangular lines graph
i G

ng I s
putanedge it angle is 900

qt is
c b

Given a list ofvectors Vi Vi Vn ERd
Gram matrix KILIFI ranked

is a symmetric positive semidefinitematrix all eigenvalues 70

L 2 I 22Agt4J since ViVi a
E ji Y for equiangularlines

Convert to spectralgraphtheory problem

Given a d findgraph G with max vertices NS.t
I d I 22A t NJ

is positivesemidefinite ranked














































































































Recall Nys d d D for all suff large d
Construction showing Ny91712

G
a L d d d d

a a a a d d
HI sonatas

a 2 a a a a 1 a a a
positivesemidefdrank9

a L d d d d

Upperbound on Nald
Ranknullitytheorem N rank nullity J

N rank 1 d I 22A 2J t null I d I 22A 2J

s d t null a NI 2aAataJ
t d

t.LI nEH
multiplicityof

Egan
eigenvalueofG

Since 11 2 I 22Aat2J is possemidet
If I is an eigral ofAg it mustbe eitherthe

largest eigral or 2ndlargest
EASY HARD




















































































Q Must all connected graphs have 144 t t t t
small 2ndeigral multiplicity

Not allgraphs can arisefrom equiangular lines

u m
vswitching operation

y

Tm BallaDrexler Keerash Sudakov

ta IA can switch G to maxdegE A

Thm JTYZZ A connected n vertex graph
with maxdeg EA has second largest eigenvalue
with multiplicity Oa glyn a sublinear on

Near miss examples

Strongly regulargraphs
complete graphs Paleygraph

Not bounded
degree

malt OG linear O amiddle eigral

i not connected



Open problem Max possible 2ndeigral multiplicity
of a connected bounded degree graph

Interesting to consider restrictions to bdddey
regulargraphs
Cayleygraphs

For expandergraphs malt 2,61 0 ynNCA 7Atc IAIVIAKY

For non expandingCayleygraphs malt72,67 011
Lee Makarycher buildingon Gromov Colding Minicozzi Kleiner

ecently McKenzie Rasmussen Srivastava
for a connected d reggraph maltAzG e0dIga

Lower bound constructions

a Cayleygraph on PSL 2p Ek abide adbet e

order n tp
gives and eigral multiplicity In
since all nontrivial representations have dimZE

Frobenius



With

Milan Haiman Carl Schildkraut Shengtong Zhang

we constructed

connected bounded deg graph with 2ndeigralmalt

2dIgn
Conn bold deg Cayley graphswith

2ndeigralmalt

z n
45

group representations
to gethighmalt

furthermanipulations to ensure 2nd largesteigral

Open problem Ent



Thm If G is connected nutx maxdeyEA
then its 2nd largesteigralhas multiplicity

Oligign

Proof ideas

Lem Netremoval significantlyreduces spectralradius

If H G an r netofG
then ACHTex G 1

Pf Aff Agr I entrywise
Antawiththe
deletededgeszero'd

to check diagonal entries countclosedwalks
Sufficeto exhibit a closedwalk v0 in a not in H

Lem Local versusglobal spectra

iÉtilly s Irma Balvin
heighborhood

Pf 11
closedwalksof suchwalks startingat u 1154length ar in H IAI tu

f AiBatur



Tool Cauchy eigenvalue interlacing theorem

Realsymmatrix A Al
Then eigenvaluesofAIA
interlace

removelastrow R
column A

Deleting a vertex cannot reduce malt a G by
more than 1

Proof sketch that malt AzG on

assume all r balls have specradEX A

H G a small r net rt clogloyn recloyn

By localglobal
2K

multly4 I II tilt't sEvaHBÉ dueto netcutting

multly H ok

Byinterlacing muttlaG emultla.tl tlnet1 oln

Summary
bound moment by counting closed 2k walks
net removal significantlyreduces localclosed2h walks
relate these via local spectral radii



Limitations of trace method

Approximate 2nd eigralmultiplicity

Above proof shows I 0 glyn eigenvalues

within OGn of Az

Hainan Schildkraut Zhang Z A construction with

a matching of approx 2nd eigenvalues


